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Direct and Inverse problem
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C. Lorenz model and Chaos

D. Damped pendulum

E. Spherical symmetry: star models

F. The string: a Sturm-Liouville problem

G. Gravitational waves

PACO ———————-
Consider a phenomenon described by

given x define F (x) =: y (28)

Here x may represent initial conditions or physical parameters.

And F represents the model or theory assumed to rule the phenomenon.

Direct problem. Given x and F calculate y. Easy y = F (x).

Inverse problem of the cause. Given F and y, find x that produces y. It could be x = F�1(y)

Inverse problem of the model. Given y and values x, find F such that F (x) produces y.

Inverse problem of the cause and the model. Given y, find F and x such that F (x) produces y.

Given m, b, k, x(0) and ẋ(0) determine x(t) when it obeys

mẍ+ bẋ+ kx = 0 (29)

Given the initial position x(0) of a particle of mass m
moving around an object of mass M, calculate x(t) for t > 0, provided

F = G
Mm

|x|3 x (30)

p(x) = a0 + a1x+ a2x
2 + ...+ a9x

9 (31)

[a0, a1, a2, a3, a4, a5, a6, a7, a8, a9] (32)

[1] No sé a quien citar, como que todo lo tráıa en la cabeza.



Examples of direct problem
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These are simple PVIs



Examples of Inverse problems / data fitting
Kepler’s problem / Newton problem

Inverse problem 

1. Of the cause provided Newton’s law 
2. Of the model as it happened to be



Example: Sgr A*



Finding a law and initial conditions: linear problems
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FIG. 7: Trayectoria producida para el oscilador armónico

simple usando el método de Euler Fowrwar-Backward, o

método trapezoidal o Ruge-Kutta de segundo orden. Después

de 8 oscilaciones la trayectoria sigue sobre la espiral

xtemp = xi�1 +
dx

dt

(ti�1)�t

= xi�1 + yi�1�t

ytemp = yi�1 +
dy

dt

(ti�1)�t

= yi�1 +

✓
� b

m

yi�1 � k

m

xi�1

◆
�t (12)

• se calculan las derivadas de x y y, es decir, los right
hand sides de las ecuaciones de evolución con los
valores xtemp y ytemp. Con estos valores se calcula
un paso backward Euler y al final se promedian los
resultados de ambos pasos. Aśı, las variables al
tiempo ti son

xi =
1

2

✓
xi�1 + xtemp +

dx

dt

(ttemp)�t

◆
(13)

=
1

2
(xi�1 + xtemp + ytemp�t))

yi =
1

2

✓
yi�1 + ytemp +

dy

dt

(ttemp)�t

◆

=
1

2

✓
yi�1 + ytemp +

✓
� b

m

ytemp � k

m

xtemp

◆
�t

◆

En la Figura 7 se muestra el resultado. Después de
varias oscilaciones la solución numérica se mantiene so-
bre la espiral, incluso usando la menor de las resoluciones
usadas para describir los resultados con los métodos an-
teriores �t = 0.05.

Aun cuando el resultado es pictóricamente correcto,
siempre es necesario medir el error de los cálculos, pero
ese es motivo de otras notas.

Ejercicio. Implementar un programa que ejecute las
instrucciones en (12) y (13), y resproducir la Figura 7.

VI. COMETARIOS FINALES

La solución numérica de una ecuación diferencial tiene
errores, y a veces es posible confundir el resultado con el
correspondiente a un sistema totalmente distinto.

Por ejemplo, imaginando que no se conociera la
solución exacta del oscilador armónico simple y alguien
usara el método de Backward Euler para resolver las
ecuaciones y nos mostrara el diagrama de espacio fase.
La interpretación seŕıa que el sistema pierde enerǵıa, y
describe una espiral entrante en el espacio fase, etc., y
sin más podŕıamos inferir que el sistema en cuestión cor-
responde a un oscilador armónico amortiguado. No es-
taŕıamos en un error, sino que quien nos mostró el dia-
grama nunca nos advirtió que el método que usó era el
de Euler.

Por eso no se debe confiar en cualquier resultado
numérico solamente por ser eficaz o mostrar gráficas
atractivas. En futuras notas se intentará aguzar el
cuidado que se debe tener en el análisis y verificación
de los resultados numéricos.

Finalmente, también se mostró aqúı que hay unos
métodos numéricos mejores que otros y que los resulta-
dos dependen de la resolución, es decir, del valor de �t,
siendo mucho mejores cuando se tiende al ĺımite continuo.

[1] No sé a quien citar, como que todo lo tráıa en la cabeza.
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FIG. 4: Solución numérica comparada con la exacta. En el

primer caso se usa �t = 0.05 y en el segundo �t = 0.01. La

solución numérica es mucho más parecida a la exacta cuando

el pasos de tiempo son menores, pero como se verá adelante

ambos resultados son insatisfactorios.

Es claro que el uso de un valor menor de �t pro-
duce una solución numérica más parecida a la exacta,
un efecto que se conoce como consistencia del método

numérico, pero aun aśı ambos resultados numéricos son
bastante insatisfactorios, porque después de menos de
dos oscilaciones completas, la solución numérica se ha
apartado considerablemente de la exacta y si se prolonga
la evolución de la solución numérica el efecto será mucho
mayor cada vez. Es decir, después de algunas oscilaciones
más, la solución numérica se apartaŕıa significativamente
del comportamiento del sistema f́ısico que se trata de
modelar.

IV. BACKWARD EULER

El método de Euler por supuesto no es el único, ni el
mejor para resolver sistemas de EDO de primer orden,
pero śı el más ilustrativo, por eso se incluye aqúı. Ya
se mostró lo malo que puede ser incluso para modelar
sistemas tan sencillos como el oscilador armónico simple.
Ahora se describirá el método Backwadr Euler o de Euler
en retroceso que presenta otro comportamiento.

Para explicarlo considérese lo que se ha hecho en el
método de Euler. Se ha evaluado la derivada de la función
incógnita en el tiempo anterior, ya sea dT/dt(ti�1) en el
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problema del enfriamiento de Newton o dx/dt(ti�1) y
dy/dt(ti�1) en el caso del oscilador.
El método Backward Euler funciona aśı: predice la

derivada de la ecuación al tiempo (o iteración) ti usando
un paso de Euler, y éste valor de la derivada se usa en la
expansión (3) o en las expansiones (8). Expĺıcitamente,
para el oscilador armómico se tiene:

• Se avanza según el método de Euler como paso in-
termedio

xi = xi�1 + yi�1�t+O(�t

2)

yi = yi�1 +

✓
� b

m

yi�1 � k

m

xi�1

◆
�t+O(�t

2)

• Con estos valores se calculan dx/dt(ti) = yi y
dy/dt(ti) = � b

myi � k
mxi. Aśı, finalmente los val-

ores de las variables al tiempo ti están dadas por

xi = xi�1 + yi�t+O(�t

2)

yi = yi�1 +

✓
� b

m

yi � k

m

xi

◆
�t+O(�t

2)

Por cierto, el método se llama backward porque se usan
los valores de la derivada calculados en el tiempo futuro
ti.
El resultados de aplicar este nuevo algoritmo al os-

cilador armónico con parámetros m = 0.5, b = 0 y k = 2

3

ẍ+
b

m

ẋ+
k

m

x = 0. (6)

Dadas las condiciones iniciales x(0) = x0 y ẋ(0) = v0,
la solución de tal ecuación queda determinada en forma
cerrada (se dice cerrada cuando es posible escribir una
fórmula que la describe). Como recordatorio, se trata
de una ecuación diferencial ordinaria, lineal de segundo
orden, es decir, se pueden proponer soluciones exponen-
ciales cuyos argumentos son reales o complejos dependi-
endo de la naturaleza de las ráıces del polinomio carac-
teŕıstico r

2 + b
mr + k

m = 0.
Como se dijo anteriormente, ésta ecuación debe poder

escribirse como un sistema de dos ecuaciones de primer
orden. Si se define y := ẋ, la ecuación (6) se escribe como
un sistema de dos ecuaciones

ẋ = y,

ẏ = � b

m

y � k

m

x. (7)

Para resolverlo basta con aplicar el mismo algoritmo que
el descrito para la ley de enfriamiento de Newton, es de-
cir, cada variable por separado, la x y la y evolucionan
según las ecuaciones (7). Partiendo de que se tienen las
condiciones iniciales (equivalentes a las del sistema de se-
gundo orden original) x(0) = x0 y y(0) = y0 impuestas al
tiempo t = 0, se define el problema en el tiempo discreto
como

xi = xi�1 +
dx

dt

(ti�1)�t+O(�t

2)

= xi�1 + yi�1�t+O(�t

2),

yi = yi�1 +
dy

dt

(ti�1)�t+O(�t

2)

= yi�1 +

✓
� b

m

yi�1 � k

m

xi�1

◆
�t+O(�t

2). (8)

Antes de revelar una solución numérica conviene mostrar
la solución exacta. Supóngase que los parámetros toman
los valores m = 0.5, b = 0 y k = 2, es decir, un oscilador
sin fricción con condiciones iniciales x(0) = 1 y y(0) = 0.
La solución de (6) con estos parámetros y condiciones es

x(t) =
1

2
e

2it +
1

2
e

�2it = cos(2t) (9)

Las condiciones iniciales corresponden a que el resorte
inicia estirado hasta la posición x(0) = 1 y la evolución
comienza al soltarlo sin una velocidad inicial inducida
y(0) = 0.

Ejercicio. Calcular la solución (9).
Ejercicio. Modificar el programa construido para re-

solver la ecuación de la ley de enfriamiento y lograr que
implemente la solución del sistema (8). El resultado debe
ser una lista de valores de xi y yi.
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FIG. 3: Cada punto de la elipse corresponde a un posible

estado del sistema. Cuando el sistema se encuentra en un

punto de retorno, por ejemplo el de extensión máxima en

x = 1 y compresión máxima en x = �1, la velocidad y es

cero, y cuando la part́ıcula pasa por el punto de equilibrio del

oscilador en x = 0 la velocidad es máxima y = 2 o mı́nima

y = �2

Una herramienta de diagnóstico de los sistemas como
el oscilador armónico es al diagrama de espacio fase. Di-
cho diagrama se define como la posición del sistema en
el plano xy, es decir, en el plano xẋ. Para el caso de
la solución (9) el valor de y es simplemente y = ẋ =
�2 sin(2t). Aśı que para cada valor de t se define un
punto en el plano xy como (cos(2t),�2 sin(2t)) que no es
sino la elipse en la Figura 3.

Si se ha tomado el curso de mecánica teórica, entonces
una manera mucho más común de ver el diagrama de es-
pacio fase es considerando que el sistema es conservativo
(pues b = 0) y por tanto la enerǵıa total se conserva

E = T + U =
1

2
mẋ

2 +
1

2
kx

2

=
1

4
y

2 + x

2

=
y

2

22
+

x

2

12
, (10)

y la relación entre x y y define una elipse en el plano xy

de semieje horizontal
p
E y semieje vertical 2

p
E, que es

exactamente la que aparece en la Figura 3.
Bien, cada punto en el diagrama de espacio fase es un

posible estado del sistema, en este caso, en particular los
puntos de la elipse corresponden a posibles estados del
oscilador armónico simple (m = 0.5, b = 0, k = 2).
Ahora se presenta la solución numérica construida a

partir del algoritmo (8) en la Figura 4. En un primer caso
se usa �t = 0.05, mientras que en un segundo caso se usa
�t = 0.01 y 100 y 500 iteraciones respectivamente. El sis-
tema comienza en el punto (1, 0) según dictan las condi-
ciones iniciales que hemos impuesto a (7) para obtener la
solución (9). En teoŕıa los estados del sistema para cada
valor de t deben localizarse en la elipse, pero claramente,
conforme transcurre el tiempo los puntos (xi, yi) de la
solución numérica se alejan hacia fuera de la elipse.

2

T1 = T0 +
dT

dt

(T0)�t (4)

= T0 + k(Ta � T0)�t

= 15 + 0.3(25� 15)2

= 21

T2 = T1 +
dT

dt

(T1)�t

= T1 + k(Ta � T1)�t

= 21 + 0.3(25� 21)2

= 23.4

T3 = 24.36

T4 = 24.744

T5 = 24.8976

T6 = 24.95904

T7 = 24.983616

T8 = 24.9934464

T9 = 24.99737856

T10 = 24.998951424

y al igual que la solución exacta, converge exponencial-
mente a la temperatura ambiente por abajo. De hecho,
en la iteración 10, que corresponde a t = 20s (porque
�t = 2s) la temperatura difiere poco de la temperatura
ambiente.

Sin embargo hay dos aspectos importantes que supone
el método de Euler: 1) la pendiente �T/�t se supone
constante a lo largo de un �t completo y 2) se espera
que dicha aproximación sea menos mala conforme �t

es menor. Es decir, el método numérico supone que el
tiempo transcurre de manera discreta (opuesto a con-
tinua) y por tanto aporta una solución aproximada al
problema en el continuo.

Para ilustrar que aśı es, el la Figura 2 se muestran
tanto la solución numérica expresada en la secuencia
de números (4) y la solución exacta para los mismos
parámetros. A pesar de que asintóticamente la temper-
atura se aproxima a 25, si estuviéramos interesados en
el comportamiento de la temperatura para t < 15s los
resultados seŕıan una aproximación con un cierto error.
La medida del error es el más importante de los ingre-
dientes en la ciencia de los cálculos numéricos. Sin una
estimación del error, los métodos numéricos carecen de
sustento dentro de la ciencia. Como ésta secuencia de no-
tas está asociada a la F́ısica Computacional se insistirá lo
necesario sobre éste aspecto y con suficiente formalidad.
Por ahora debe quedar claro que los métodos numéricos
aportarán una solución aproximada de un problema com-
plicado cuya solución exacta seŕıa dificil de calcular, y que
por ahora comenzaremos ilustrando su funcionamiento
con ejemplos sencillos que tienen solución exacta para
poder juzgar el error.

Ejercicio. Escriba un programa que ejecute este algo-
ritmo, es decir que calcule recursivamente las iteraciones
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FIG. 2: Comparación de la solución exacta y la numérica (4)

para los parámetros k = 0.3, T0 = 15 y Ta = 25.

del tipo (4). Haga experimentos con distintos valores de
�t y k.
Para darle formalidad y generalidad al método de Euler

escribimos que para una EDO de primer orden

dy

dx

= f(x, y) (5)

donde f(x, y) es una función de la variable independi-
ente x y la incógnita y. La solución numérica según el
método de Euler en el punto xi (en nuestro ejemplo del
enfriamiento de Newton la variable independiente seŕıa
el tiempo ti) está dada por

yi = yi�1 +
dy

dx

|i�1�x+O(�x

2)

= yi�1 + f(xi�i, yi�1)�x+O(�x

2)

III. EL OSCILADOR ARMÓNICO Y LAS
ECUACIONES SIMULTÁNEAS

Una observación importante es que en general los
métodos usados para resolver ODEs de primer orden
pueden usarse para EDOs de orden arbitrario. Esto es
posible porque una EDO de orden n puede escribirse
como un sistema de n ecuaciones de orden 1.
Un caso que sirve para ilustrar, por su linealidad y

porque se conocen bien las propiedades del resultado es
el del oscilador armónico. La ecuación que lo modela
es la segunda ley de Newton para una part́ıcula con dos
fuerzas que se oponen al movimiento

mẍ = �kx� bẋ

donde m es la masa de la part́ıcula, k es la constante de
un resorte que obedece la ley de Hooke y b es la constante
de amortiguamiento debido a la fricción del oscilador con
el medio (a veces se representa con el dibujo de un amor-
tiguador de constante b). La ecuación anterior suele es-
cribirse para mayor comodidad como



Solving Inverse problems depend A LOT on F (when there is one): see non-linear cases 
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FIG. 3: Tercer ejemplo del sistema de lorenz

II. CASO 1: NO SENSIBILIDAD A LAS
CONDICIONES INICIALES

Para este caso vamos a realizar lo siguiente:

• Tomar un valor fijo para r, este es r = 20.

• Comparar dos casos de condiciones iniciales: a)
x0 = y0 = z0 = 5.0 y b)x0 = y0 = z0 = 5.01.

• Probar la autoconvergencia para ambos conjuntos
de condiciones iniciales.

• Declarar hasta cual t autoconvergen las soluciones.

• Mostrar los diagramas fase, (x vs y),(x vs z),(y vs
z), para el caso a).

Las figuras 4, 5 muestran el comportamiento del sistema
de Lorenz para ambos casos. Como vemos, al variar un
poco la condicion inicial, no se muestra un cambio redical
en el comportamiento del sistema. La figura 6 muestra,
para el caso de la componente x(t), una comparación
para estos dos casos de condiciones iniciales; vemos que
el comportamiento es el mismo, sin embargo, a un cierto
tiempo, cambian totalmente, una tiene un cambio de
amplitud más rápido que la otra.
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parámetros.

−15
−10

−5
 0

 5
 10

 15−20
−15

−10
−5

 0
 5

 10
 15

 20

 0

 5

 10

 15

 20

 25

 30

 35

 z(t)

Sistema de Lorentz para C.I.=5.01 

x(t) 

 y(t)  

 z(t)
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parámetros.

Para determinar que tan bien están resueltos los sis-
temas, hacemos la prueba de la autoconvergencia para
ambos casos. La figuras 7 y 8 muestran el cálculo de
la autoconvergencia para las resoluciones dt,

dt
2 ,

dt
4 , que

vemos se cumple la autoconvergencia, hasta aproxi-
madamente un valor de t = 5.

−15

−10

−5

 0

 5

 10

 15

 0  20  40  60  80  100

 x
(t

) 
 

t / tiempo 

Comp. de las C.I. para r=20 para x(t) 
C.I.=5.01
 C.I.=5.0

−15

−10

−5

 0

 5

 10

 15

 0  2  4  6  8  10

FIG. 6: Comparación de ambos conjuntos de condiciones

iniciales. Se muestra solo el valor de la componente x(t) vs t.

2

 1
 2

 3
 4

 5
 6

 7
 8

 9
 10

 11 0

 2

 4

 6

 8

 10

 12

 4

 6

 8

 10

 12

 14

 16

 18

 20

 22

 z(t)

Sistema de Lorentz r=15 

x(t) 

 y(t)  

 z(t)

FIG. 2: Segundo ejemplo del sistema de lorenz

−30
−20

−10
 0

 10
 20

 30−50
−40

−30
−20

−10
 0

 10
 20

 30
 40

 50

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 z(t)

Sistema de Lorentz r=50 

x(t) 

 y(t)  

 z(t)

FIG. 3: Tercer ejemplo del sistema de lorenz

II. CASO 1: NO SENSIBILIDAD A LAS
CONDICIONES INICIALES

Para este caso vamos a realizar lo siguiente:

• Tomar un valor fijo para r, este es r = 20.

• Comparar dos casos de condiciones iniciales: a)
x0 = y0 = z0 = 5.0 y b)x0 = y0 = z0 = 5.01.

• Probar la autoconvergencia para ambos conjuntos
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Tarea 5. Modelo Lorenz y la verificación del caos
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Solución Numérica de Ecuaciones Diferenciales Ordinarias Profesor: Dr. F. S. Guzmán
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Se analiza e implementa el modelo de Lorenz. Se muestran dos casos particulares: sensibilidad a

las condiciones iniciales del sistema y no sensibilidad, al igual que los casos en los que ocurre caos.

Analizamos la autoconvergencia de las soluciones determinando que existen un valor del parámetro t

(tiempo) máximo para el cual la solución es válida y que las diferencias encontradas en las soluciones

son debidas al sistema y no al integrador numérico.

I. EL SISTEMA DE LORENZ

El sistema de Lorenz es un sistema propuesto por
Edwar Lorenz en 1963 de condiciones iniciales el cual
muestra un fenómeno de atracción y bajo ciertas condi-
ciones iniciales y parámetros el fenómeno del caos.

Dicho sistema está descrito por un sistema de ecuaciones
diferenciales no lineales y ciertos parámetros, como se
muestra a continuación:

dx

xt

= a(y � x) (1)

dy

dt

= rx� y � xz (2)

dz

dt

= xy � bz (3)

Los parámetros a, r, b tienen la siguiente interpretación:

• a - Número de Prandtl (en honor a Ludwig
Prandtl). Representa la razón de la viscosidad y la
difusividad térmica del sistema, i.e., la velocidad de
difusión de la cantidad de movimiento entre la ve-
locidad de difusión de calor; expĺıcitamente queda
como :

Pr =
v

↵

(4)

• r - Número de Rayleigh. Relacionado con cuanto
calor se agrega al sitema.

• b - Arrastre del fluido.

r es un parámetro muy importante, ya que define
distintos comportamientos del sistema los cuales los
veremos en dos casos, el caso 1 cuando el sistema NO
es sensible a las condiciones iniciales, y el caso 2 cuando
el sistema SI es sensible a las condiciones iniciales.

Para mostrar esto vamos a implementar el sistema de
Lorenz para ambos casos usando el integrados numérico
de Runge-Kutta de cuarto orden, como hemos estado
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utilizando en las tareas anteriores.

Antes de ello mostraremos el comportamiento del sistema
de Lorenz para los siguientes parámetros:

a = 10 dt = 0.001

b = 8/3 x0 = y0 = z0 = 5.0

r = 10, 15, 50 0  t  100

Donde dt representa la resolución base, que equivale
a tomar un Nt = 100000 (que es la cantidad de inte-
graciones que realizará el RK-4). x0, y0, z0 representan
las condiciones iniciales del sistema. t es el parmetro
del tiempo. r toma en este caso distintos valores,
precismante con el fin de ilustrar el funcionamiento del
modelo. Por lo tanto obtenemos las siguientes figuras 1
2 3 para estos valores.

Ahora vamos a analizar los dos casos antes mencionados,
Caso 1 y Caso 2 en detalle,i.e., gráficas, prueba de la
autoconvergencia de la solucioón, hasta que valor de t

son válidas las soluciones y diagramas de espacio fase
para las componentes.
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• a - Número de Prandtl (en honor a Ludwig
Prandtl). Representa la razón de la viscosidad y la
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utilizando en las tareas anteriores.

Antes de ello mostraremos el comportamiento del sistema
de Lorenz para los siguientes parámetros:

a = 10 dt = 0.001

b = 8/3 x0 = y0 = z0 = 5.0

r = 10, 15, 50 0  t  100

Donde dt representa la resolución base, que equivale
a tomar un Nt = 100000 (que es la cantidad de inte-
graciones que realizará el RK-4). x0, y0, z0 representan
las condiciones iniciales del sistema. t es el parmetro
del tiempo. r toma en este caso distintos valores,
precismante con el fin de ilustrar el funcionamiento del
modelo. Por lo tanto obtenemos las siguientes figuras 1
2 3 para estos valores.

Ahora vamos a analizar los dos casos antes mencionados,
Caso 1 y Caso 2 en detalle,i.e., gráficas, prueba de la
autoconvergencia de la solucioón, hasta que valor de t
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Imagine when the system is ruled by PDEs: computer power, time, time, time



Modeling data vs data science



Solving Inverse problems depends A LOT on F (when there is one)

And F is really challenging as one approaches a realistic model 

Systems ruled by ODEs are actually friendly, one can still run millions of 
combinations of parameters and initial conditions 

Then estimate one of the combinations with the minimum error 

lifetime of RBEs suggests that they are heated with at least
transition region temperatures (e.g., De Pontieu et al. 2007c;
Rouppe van der Voort et al. 2009). Type II spicules also show
transverse motions with amplitudes of 10–30 km s−1 and
periods of 100–500 s (e.g., Tomczyk et al. 2007; McIntosh
et al. 2011; Zaqarashvili & Erdélyi 2009), which are interpreted
as upward- or downward-propagating Alfvénic waves (e.g.,
Okamoto & De Pontieu 2011; Tavabi et al. 2015b) or MHD
kink mode waves (e.g., He et al. 2009; McLaughlin et al. 2012;
Kuridze et al. 2012).

As mentioned above, there are several theoretical and
observational results with regard to type II spicules, but there
is little consensus about the origin of type II spicules and the
source of their transverse oscillations. Some possibilities
discussed suggest that type II spicules are due to the magnetic
reconnection process (e.g., Isobe et al. 2008; De Pontieu et al.
2007c; Archontis et al. 2010), oscillatory reconnection process
(e.g., Heggland et al. 2009; McLaughlin et al. 2012), strong
Lorentz force (e.g., Martínez-Sykora et al. 2011), Lorentz force
under chromospheric conditions (e.g., Goodman 2012), or
propagation of p-modes (e.g., de Wijn et al. 2009). Moreover,
type II spicules could be warps in 2D sheet-like structures (e.g.,
Judge et al. 2011). More recently, Sterling & Moore (2016)
suggest another mechanism in which solar spicules result from
the eruptions of small-scale chromospheric filaments.

The limited resolution in observations and the complexity
of the chromosphere make the interpretation of the structures
difficult, even calling into question the existence of type II
spicules as a particular class (e.g., Zhang et al. 2012). In
consequence, these difficulties spoil the potential importance
of magnetic reconnection as a transcendent mechanism in the
solar surface. Nevertheless, there is evidence that magnetic
reconnection is a good explanation for chromospheric
anemone jets (e.g., Singh et al. 2012), which are observed
to be much smaller and much more frequent than surges (e.g.,
Shibata et al. 2007). A statistical study performed by
Nishizuka et al. (2011) showed that the chromospheric
anemone jets have typical lengths of 1.0–4.0 Mm, widths of
100–400 km, and cusp sizes of 700–2000 km. Their lifetime is
about 100–500 s, and their velocity is about 5–20 km s−1.
Other types of coronal jets can be generated by magnetic
reconnection; for example, Yokoyama & Shibata
(1995, 1996) used 2D numerical simulations to study the jet
formation, and Nishizuka et al. (2008) showed that emerging
magnetic flux reconnects with an open ambient magnetic field
and that such reconnection produces the acceleration of
material and thus a jet structure. The reconnection seems to
trigger the jet formation in a horizontally magnetized
atmosphere, with the flux emergence as a mechanism (e.g.,
Archontis et al. 2005; Galsgaard et al. 2007).

Another approach uses a process that produces a magnetic
reconnection using numerical dissipation of the ideal MHD
equations, and the atmosphere model is limited to having
constant density and pressure profiles and assumes that there is
no gravity (e.g., Pariat et al. 2009, 2010, 2015; Rachmeler et al.
(2010). In our case we show that magnetic reconnection can be
responsible for the formation of jets with some characteristics
of type II spicules and cold coronal jets (e.g., Nishizuka et al.
2008), for that (i) we solve the system of equations of the
resistive MHD subject to the solar gravitational field, and (ii)
we assume a completely ionized solar atmosphere consistent
with the C7 model. The resulting magnetic reconnection
accelerates the plasma upward by itself and produces the jet.
The paper is organized as follows. In Section 2 we describe

the resistive MHD equations, the model of solar atmosphere,
the magnetic field configuration used in the numerical
simulations, and the numerical methods we use. In Section 3
we present the results of the numerical simulations for various
experiments. Section 4 contains final comments and
conclusions.

2. Model and Numerical Methods

2.1. The System of Resistive MHD Equations

The system of equations allowing the formation of magnetic
reconnection is the resistive MHD. In this paper we follow
Jiang et al. (2012) to write the dimensionless Extended
Generalized Lagrange Multiplier (EGLM) resistive MHD
equations that include gravity as follows:
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Table 1
Scaling Factors to Translate Physical into Code Units

Variable Quantity Unit Value

x, y, z Length L0 106 m
ρ Density r0 10−12 kg m−3

B Magnetic field B0 11.21 G
v Velocity m r=v B0 0 0 0 106 -m s 1

t Time =t L v0 0 0 1 s
η Resistivity h m= L v0 0 0 0 ´ - -1.25664 10 m s N A6 2 1 2

2
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On the capacity to solve direct problems



Methods of solution

Brutal force:  
Works fine for system ruled by ODEs (for instance) 
Does NOT work for complicated PDEs

Genetic algorithms

Artificial Intelligence methods



Inverse Problem 1: BBH … the direct problem first
In a simulation one estimates the Weyl Psi4 scalar 

It is decomposed in spherical harmonics and get the dominant modes
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92 Capı́tulo 4. Construcción del Strain para casos especı́ficos

Debido a las contribuciones de la excentricidad en las ecuaciones (4.3), (4.5) y
(4.4) el sistema colisiona en un perı́odo mas pequeño es decir tiene menos ciclos
con e = 0.
Las observaciones se calculan para el caso de e = 0, dado que para cualquier sis-
tema lı́mt!⌧choque e(t) = 0, esto se ve de la ecuación (4.2). Por lo que si se pensara
que el sistema efectivamente tenı́a la condición inicial e0 = 0,3 también se debe
ajustar la sepración inicial a0 para que resulte acorde a la observación. El numero
de crestas correspondiente al sistemam1 = 14,2M�,m2 = 7,5M� son para e = 0 55,
y para e = 0,3 40
El numero de crestas correspondiente al sistema m1 = 22,5M�,m2 = 5,2M� son
para e = 0 44, y para e = 0,3 32
El numero de crestas correspondiente al sistema m1 = 10,5M�,m2 = 9,8M� son
para e = 0 60, y para e = 0,3 43

Órbita

Las órbitas de los cuerpos se conocen por las ec. (3.9a) y (3.9b). Para tener �(t)
y a(t), se colocan las masas puntuales en las posiciones iniciales correspondientes a
�(0) = 0 y a(0) = 420
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bién incertidumbre en la distancia de la fuente. Las incertidumbres usadas para las
gráficas de la Figura 4.7 son las reportadas de la observación que traducidas son
R = 1,36+,55

�,59 ⇥ 1022km.
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Figura 4.14: Todas las gráficas se muestran en el dominio temporal de t = 0 hasta t = ⌧choque según
el caso. La columna izquierda muestra las ondas con polarización h+ y la columna derecha muestra
las ondas con polarización h⇥. En todas las gráficas el color azul etiqueta al sistema a una distancia
0 = 0,77 ⇥ 1022km de la tierra, el color morado: R = 1,36 ⇥ 1022km y el verde: R = 1,91 ⇥ 1022km
lo anterior define una banda de error correspondiente a la incertidumbre de la distancia al evento de
la observación.
El primer renglón corresponde al sistema m1 = 14,2M�,m2 = 7,5M�
El segundo renglón corresponde al sistema m1 = 22,5M�,m2 = 5,2M�
El tercer renglón corresponde al sistema m1 = 10,5M�,m2 = 9,8M�
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Direct problem: kicks
Escape velocities: 
 Globulares clusters 30Km/s 
 dSph   20-100km/2 
 dE   100-300km/s 
 giant galacies 1000km/2
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Numerical Relativity: TOO SLOW – too expensive

PostNewtonian approximation: leading order 
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Inverse Problem 1: BBH parameters from GW strain
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Fig. 1. (Top) We show the (h+)22 strain corresponding to some of the signals we use in our
study. (Bottom) We show the DFT amplitude |(h̃+)22(ω)| in the frequency domain for the same

cases. Here M = m1 + m2, where mj =
p

Aj/16π is the apparent horizon irreducible mass and
Aj is the apparent horizon area of each black hole.

points for low frequencies are considered, discarding those corresponding to high
frequencies because their power is negligible.

In Fig. 1, we show some particular cases of strain and their DFT obtained
from the waveform catalog. In order to train, validate and test the accuracy of
the networks, the catalog has been divided into three smaller sets: a training set
containing 25GWs, a validation set containing 10GWs and finally a prediction set
containing the remaining 8 and 3 GWs from the GT and SXS catalog, respectively.
In Table 1, we present the values of the mass ratio selected for each set.

In addition to this, in both methods, we inject Gaussian noise into the signals for
different magnitudes of the SNR = 0.5, 1, 5, 10, 15, 20 and 25 plus the clean signal.
By doing this, we increase the sets used for training, validation and prediction. In
this case, the SNR is defined as

SNR =
σ2

signal

σ2
noise

. (1)
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Inverse Problem 2: kicked BH inverse problem
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Inverse Problem 3: QSO 3C 186 (radio-loud quasar)

Best candidate for GW recoil kicked black hole

11kpc off-set from center … Broad emission lines -> -2140 \pm 390km/s
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ABSTRACT

Recent detailed observations of the radio-loud quasar 3C 186 indicate the possibility that a super-
massive recoiling black hole is moving away from the host galaxy at a speed of nearly 2100km/s. If
this is the case, we can model the mass ratio and spins of the progenitor binary black hole using the
results of numerical relativity simulations. We find that the black holes in the progenitor must have
comparable masses with a mass ratio q = m1/m2 > 1/4 and the spin of the primary black hole must
be ↵2 = S2/m2

2 > 0.4. The final remnant of the merger is bounded by ↵f > 0.45 and at least 4% of
the total mass of the binary system is radiated into gravitational waves. We consider four di↵erent
pre-merger scenarios that further narrow those values. Assuming, for instance, a cold accretion driven
merger model, we find that the binary had comparable masses with q = 0.70+0.29

�0.21 and the normalized

spins of the larger and smaller black holes were ↵2 = 0.94+0.06
�0.22 and ↵1 = 0.95+0.05

�0.09. We can also

estimate the final recoiling black hole spin ↵f = 0.93+0.02
�0.03 and that the system radiated 9.6+0.8

�1.4% of
its total mass, making the merger of those black holes the most energetic event ever observed.
Keywords: supermassive black holes — binary merger — gravitational recoils

1. INTRODUCTION

A recent detailed study Chiaberge et al. (2017) of the
radio-loud quasar 3C 186, which has an active nucleus
o↵set from the galactic center by 1.3 ± 0.1 arcsec (i.e.
⇠ 11 kpc) and broad line emissions o↵set from the narrow
line spectra by 2140± 390 km/s, has concluded that the
most likely explanation is that the central supermassive
black is recoiling away from the center of the galaxy at
⇠ 2000 km/s.
Studies of this sort have been carried in the past Bon-

ning et al. (2007); Komossa et al. (2008); Bogdanović
et al. (2009); Heckman et al. (2009); Shields et al. (2009);
Strateva & Komossa (2009); Decarli et al. (2009); Lauer
& Boroson (2009); Vivek et al. (2009); Robinson et al.
(2010); Shields & Bonning (2013); Decarli et al. (2014)
prompted by the numerical relativity simulations that
predicted large recoil velocities from the merger of bi-
nary black holes Campanelli et al. (2007a,b). A review
of those early e↵orts is summarized in Komossa (2012).
This new case of the QSO 3C 186 is of particular inter-

est since its di↵erential velocity (if interpreted in terms of
gravitational wave recoil) may be used to determine the
parameters of the progenitor binary black hole system
and the final black hole being ejected from the merged
galaxies.
Full numerical simulations of the merger of binary

black holes have produced detailed predictions for the
remnant final black hole mass, spin and recoil velocity
Lousto et al. (2010a); Lousto & Zlochower (2013, 2014);
Zlochower & Lousto (2015) and the probability of a given
recoil velocity to be observed Schnittman & Buonanno
(2007); Lousto et al. (2010b, 2012). Those “phenomeno-
logical” formulas relate the binary parameters of the pro-
genitor, i.e. individual masses and spins, to the final
mass, spin and (recoil) velocity of the merged hole with

lousto@astro.rit.edu

high accuracy. The large value of the measured di↵eren-
tial redshift of the broad and narrow lines can only be
the result of the gravitational recoil if the progenitor bi-
nary had a mass ratio close to unity and highly spinning
progenitor black holes (BHs). We can also determine the
direction of the recoil velocity with respect to the merger
orbital plane.
These techniques, used here for QSO 3C 186, clearly

apply to any highly recoiling system, as for example
those candidates cited above. In order to cover di↵erent
pre-merger scenarios, we study binaries with parameters
based on hot and cold accretion models, as well as two
gas-poor merger models, as shown in Fig. 1

2. RESULTS

For our statistical analysis, we consider the recoils from
binaries sampled from the following distributions. For
the mass ratio, we use a distribution motivated by cos-
mological simulations, P (q) / q�0.3(1 � q), as given in
Ref. Yu et al. (2011); Stewart et al. (2009); Hopkins et al.
(2010). For the spins, we consider four di↵erent distri-
butions which we will denote by Hot, Cold, Dry, and
Uniform. The Hot and Cold distributions are based on
the hot and cold accretion models given in Lousto et al.
(2012). In these models, the merger is assumed to be
gas rich and the subsequent accretion both reorients the
spins (towards partial alignment) and induces relatively
large spin magnitudes. The cold model, in particular,
severely constrains the polar orientations of the spin,
which severely limits the magnitude of the recoil. Be-
cause of the very low probability for large recoils in the
dry model, our sample size was 3.1⇥ 108 binaries for the
cold model. For all other models, the sample size was
107 binaries. The dry model is based on Zlochower &
Lousto (2015). For the dry model, we assume accretion
is ine�cient at aligning the spins, and thus assume a
uniform distribution of spin directions. The magnitude
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A sample: 4 out of 900
Γ=1.1 vinf=0.4c
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Ray tracing process



A little sample 2 out of 900
3

Γ=1.28, vinf=0.6c
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FIG. 2: On the left we show the typical the rest mass density
spatial distribution of the high density cone on the xz plane,
for two combinations of the adiabatic index and wind velocity,
at a stage in which the process has been stabilized. On the
right we show the corresponding lensed images of the density
constructed by ray tracing.

the range � 2 [1.1, 5/3] ⇥ v1 2 [0.2, 0.8]c. Both dimen-
sions of the domain are split into 30 equally separated
values. As can be seen in Fig. 2, a method able to rec-
ognize patterns is ideal to associate the parameters these
figures where generated with and the image itself. This
is precisely where deep learning methods are useful at.

We use the open source code TensorFlow [19] running
in two GPUs to execute two Convolutional Neural Net-
works (CNN), each one of them classifies one of the two
physical parameters of the problem. The basic idea be-
hind the classification scheme consists in introducing the
values of the rest mass density of each of the 87⇥87 pixe-
les as the inputs of each CNN. The networks are trained
to produce the appropriate outputs that can be inter-
preted as the possible values for each parameter. The
structure of the networks consists of four convolutional
layers with ReLu activation functions and each one of
them followed by a max-pooling layer. After these eight
layers there is a fully hidden connected layer plugged to
the final classification layer using a softmax activation
function, where both networks use 30 classes as output.
We compute the error of the classification using a cross
entropy cost function and minimize this cost function us-
ing the stochastic gradient-based optimization algorithm
called Adam [20] with learning rate equal to 0.001.

The parameters describing the best working configura-
tion of the networks are presented in Table I.

The images of the 900 simulations were divided into
two sets: the first one called the training set contains
810 simulations chosen randomly among the whole set
and those are the images used to train the network. The
remaining 90 simulations correspond to the prediction set
and are used to determine the accuracy of the predictions
over data not related with the training. As stated before,
we use two di↵erent CNNs to perform the classification
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FIG. 3: Accuracy of the CNN at training and prediction as
a function of the number of epochs. For A
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the left column and A
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v and A

2
v at the right column. The

purple line represents the accuracy of the training set and the
green line the accuracy of the prediction set.

Name input # filters output

Conv 1 [1, 87⇥ 87] 16 [16, 87⇥ 87]

Pool 1 [16, 87⇥ 87] - [16, 44⇥ 44]

Conv 2 [16, 44⇥ 44] 32 [32, 44⇥ 44]

Pool 2 [32, 44⇥ 44] - [32, 22⇥ 22]

Conv 3 [32, 22⇥ 22] 64 [64, 22⇥ 22]

Pool 3 [64, 22⇥ 22] - [64, 11⇥ 11]

Conv 4 [64, 11⇥ 11] 128 [128, 11⇥ 11]

Pool 4 [128, 11⇥ 11] - [128, 6⇥ 6]

FC [128, 6⇥ 6] - [1024]

Out [1024] - [30]

TABLE I: All the convolutional filters have size of 5⇥ 5 and
the pooling layers of 2 ⇥ 2. Stride in both cases is equal to
one and padding is applied in order to guarantee that the size
of the output is equal (half) to the size of the input for the
convolutional (pooling) layers. The final output corresponds
to the total number of classes which is equal to 30.

in each direction. The two networks have the same struc-
ture but the learning phase is di↵erent in order to classify
the corresponding physical parameter. The output of the
networks corresponds to the prediction of values of � and
v1.
In order to associate a physical value of these pa-

rameters and an uncertainty with the selected class we
do the following: the values of the adiabatic index are
� = 1.1094 + i�� with �� = 0.0189 and the values of
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We prepared a sample of 900 of these runs
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GOAL

Given an image track the following: 

- Properties of the black hole candidates (spin, mass) 
- Properties of the matter around (which are model dependent) 
- These include equation of state -> degree of ionization 
- Temperature - feedbacks the scattering properties 
- Opacities (both thermal and scattering) 
- Magnetic fields

QSO 3C 186
2 G & G

Figure 1. Snapshot of the rest mass density ⇢, for the supersonic models #*, on the left we show the case � = 4/3 and on the right thr � = 5/3 both at the same
time t = 6⇥104Mcasos a y e del pizarron A las figuras les faltan las etiquetas de los ejes (son preliminares) en todas ellas se muestra el plano X-Z

Case � Mach cs

a 5/3 2 0.0035
b 1 0.007
c 0.5 0.014
d 0.25 0.028
e 4/3 2 0.0035
f 1 0.007
g 0.5 0.014
h 0.25 0.028

Table 1

Bla

109Modot covers the region [0.289pc,0.289pc]3

around the black hole.
In this case we used 10 refinement levels to cover
the domain, with the highest resolution covering
a box of size [-4.55M,4.55M]3 with resolution
0.12M.

• For the two scenarios we explored the results for two
different values of the adiabatic index, namely � = 4/3
and � = 5/3 and show the differences.
These simulations are shown up to 25000M, which
menas that by this time the black hole has travelled a
distance d25000M ⇠ 0.007c⇤25,000M =
Accretion rate..... 1D density profile....

• Análisis

– Description of shocks....
– Accretion rate....
– Vorticidad en la parte trasera....

• Conclusiones....
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Figure 2. Snapshot of the rest mass density ⇢, for the subsonic models #*, on the left we show the case � = 4/3 and in the bottom the case � = 5/3 both at the
same time t = 6⇥ 104M.Lo que observé de mayor importancia en el caso � = 4/3 es la invierción de orientación del cono, como si la velocidad cambiara de
signo y entonces la región de alta densidad se forma enfrente del hoyo negro y no atras. El caso � = 5/3 la acreción se vuelve esférica. Ambos fenomenos se ven
en la figura los caso son el d y h del pizarron. A las figuras les faltan las etiquetas de los ejes, (son preliminares) en todas ellas se muestra el plano X-Z

Figure 3. Snapshots of the cross cut of the rest mass density for the cases a
to h, on the yz plane. We have normalized the density to ⇢/⇢0 and show a
color map in log scale.

Figure 4. Velocity field in the downstream region of the black hole for the
most and least supersonic cases a and d for � = 4/3 and e and h for � = 5/3.
On the left a cut at the plane z = -100M and on the right a cut at the plane
z = -200M.
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II. THE WIND MODEL

A. Equations and numerical methods

The plasma is modeled with a magnetized fluid that
obeys the ideal MHD, which assumes infinite electric con-
ductivity � ! 1 and the electric field measured by a
comoving observer set to zero F

µ⌫

u

⌫

= 0. The stress-
energy tensor of such fluid is explicitly
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µ⌫ = (⇢h+ b

2)uµ
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⌫ +
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2

2

◆
g

µ⌫ � b

µ
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where u

µ is the 4-velocity, ⇢ the rest-mass density, p the
pressure, vi the fluid 3-velocity and b

µ the magnetic field
measured by a comoving observer, h ⌘ 1+ ✏+ p/⇢ is the
specific enthalpy and ✏ the specific internal energy, all
these quantities associated to each fluid element.

The equations for this matter field are those of the
general relativistic magnetohydrodynamics. These can
be written as a flux conservative system, that assumes a
standard 3+1 decomposition of the space-time, known as
the Valencia formulation [31]
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where the vector u = {D,S
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, ⌧, B

k} contains the fol-
lowing conserved variables, D the generalized rest mass
density of the fluid, S

i

the generalized momenta in each
direction, ⌧ the internal energy, B

k the magnetic field
measured by an eulerian observer, F(i)(u) the fluxes and
S(u) a source vector. In terms of the primitive variables
of the fluid elements, the conserved variables are defined
by
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/↵. As usual, the system of equations
is closed with an equation of state specified below. In
terms of primitive and conservative variables the fluxes
and sources are explicitly
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where g

µ⌫

are the components of the 4-metric and ��

µ⌫

the Christo↵el symbols of the space-time, ↵ the lapse
function and �

i the components of the shift vector as-
sociated to the 3+1 decomposition of the space-time.
We solve the system of equations (2-3) using the pub-
lically available GRHydro thorn [32], within the Cactus
Einstein Toolkit (ETK) code [33]. We use the high res-
olution shock capturing methods provided to solve the
relativistic MHD equations. Specifically our simulations
use the HLLE numerical flux formula and the minmod
reconstructor. In order to preserve the magnetic field di-
vergence near to zero, we use the constraint transport
method [34] implemented within the GRHydro thorn.
For the integration in time we use a fourth order Runge-
Kutta method. What we added to the ETK is a module
that applies appropriate boundary conditions in the up-
stream boundary, which is the part of the boundary from
which we inject the wind into the domain, where we set
the density and velocity field of the wind to their initial
values during the simulation. On the other hand we im-
plement out-flux boundary conditions in the downstream
boundary, which is the part of the boundary through
which the wind is expected to leave the domain. These
conditions are a key ingredient in the accretion of winds
in numerical domains that contain the accretion sphere.
In order to avoid divergences of the variables, the GRHy-
dro thorn implements an atmosphere that is triggered
during the primitive variables reconstruction for tiny or
negative values of the density. For that we use a floor den-
sity value of 10�12 in code units, and then the pressure
and internal energy are set to consistent values. In our
results the density never approaches such small values,
including the cases where rarefaction spots are formed.

B. Description of the wind

We describe the space-time of the rotating black hole
of mass M using Kerr-Schild (KS) horizon penetrating
coordinates, and set the dimensionless spin to S = aẑ.
The wind is set initially as a spatially constant rest

mass density ideal gas ⇢ = 1 ⇥ 10�6 [1/M2], moving
toward the black hole and with a given asymptotic su-
personic velocity v

2

1 = v

i

v

i

. We assume the fluid obeys
a gamma-law equation of state p = (� � 1)⇢✏, and con-
sider a relativistic fluid with � = 4/3. We define the
asymptotic speed of sound c

s1 = 0.05 in order to have a
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FIG. 1: Snapshot on the y = 0 plane of the density at time t = 1000M when the accretion is already stationary, for cases HD1
and MHD1 models "* and r

hor

/r

acc

= 0.065 shown in the top. We show the magnetic field lines in the MHD1 case indicating
how thew bend toward the cone and after that continue to their asymptotic vertical direction. In the bottom we show the �

parameter and the shock cone superposed with a field of vectors indicating the Lorentz force direction. The shock cone in the
presence of magnetic field is slightly wider than in the purely HD case and in the MHD case the maximum of the gas density
density (1.3⇥ 10�4) is smaller than the HD case (2.1⇥ 10�4).

B. Case I: B0 = B0,strong

As described above, when M = 10M� B

0

= 2.355 ⇥
1013G, whereas when M = 106M� the magnetic field
strength is B

0

= 2.355⇥ 107G. Nevertheless, the results
presented in this subsection are valid for these two astro-
physical set ups. The general properties of the morphol-

ogy and dynamics of the process once the evolution of
the fluid has settled down to a nearly stationary regime
are presented in Figures 1, 2, 3 and 4, in geometric units,
corresponding to the four first models in Table I. In these
figures we show in the first place the rest mass density of
the gas in the purely hydrodynamical scenario. Secondly
we show the rest mass density of the plasma in the MHD
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FIG. 2: In the top we show snapshot on the y = 0 plane of the density at t = 1000M , for the HD2 and MHD2 cases with
orientation %* and r

hor

/r

acc

= 0.065. The first important di↵erence between the HD and MHD is that in the later, the
shock-cone is detached from the black hole, that is, the black hole is contained within the high density zone. The second is that
the shock cone in the presence of magnetic field is wider than in the pure HD case. Finally the third one is that in the MHD
case there is a low density region. In the MHD2 case we superpose the magnetic field lines, which show asymptotically the
vertical direction, however shows a complex structure at the boundary of the shock cone. The structure of field lines would be
interesting to see in detail within the context of resistive MHD, because there are some candidates to X-points that eventually
could trigger magnetic reconnection. In the bottom we show a plot of the � parameter, which shows that the magnetic field
dominates in the region of the shock-cone. In the final plot we superpose the density of the plasma with a field of arrows
indicating the direction of the approximate Lorentz force, that indicates in which direction the plasma is being pulled toward.
It can be seen that the arrows precisely indicate that the Lorentz force pulls the plasma out of the rarified zone.
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FIG. 3: As in the previous case, we show in the top a snapshot of the rest mass density on the y = 0 plane at time t = 1000M
for the HD3 and MHD3 models with r

hor

/r

acc

= 0.065 for the case * . Again a di↵erence is that in the MHD case the
shock-cone is detached from the black hole and the distortion of the magnetic field lines shows an interesting distortion and
density near the bow-shock. Due to the bitant symmetry of this case, there are two symmetric rarified regions. In the bottom
we show that the region � < 1 appears again within the shock-cone region. In the bottom-right panel we show that the Lorentz
force points in the direction in which the plasma should move to produce the low density spots.

show the values of the accretion rate for all the models at
a stationary stage. We first observe that the horizontal
wind (models HD3 and MHD3) has the highest accretion
rate for the velocity used here, approximately between
10% to 20% above the other cases.

We found that the accretion rate of the MHD as com-
pared with the purely hydrodynamical counterparts is
within a 3% of di↵erence. This table also shows that
the direction of the wind influences more the accretion
rate than the fact of having pure HD or MHD. Besides

the direction of the wind, another factor that influences
the accretion rate is the wind velocity which can be seen
from the comparison of models MHD1 and MHD4, with
significant di↵erences of 100%.

C. Case II: B0 = B0,weak

Unlike the strong magnetic field case, the general prop-
erties for B

0

= B

0,weak

(MHD5, MHD6, MHD7 and
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FIG. 6: Snapshot of the rest mass density ⇢ and velocity field v

i for models HD2, MHD2, HD3 and MHD3. For models HD2
and MHD2 we show the results on the plane x+ z = 4, which is a plane perpendicular to the wind direction. For models HD3
and MHD3 we show the results on the plane x = �2 which is a plane also perpendicular to the wind. The velocity field in
both cases shows the formation of eddies precisely in the rarified zones of the shock-cone. It is useful to compare the shape and
location of the rarified zones with the perpendicular vie in Figures 2 and 3.

also show the formation of eddies consisting of plasma
rotating around the low density spots within the shock
cone near the black hole horizon. Using an approximate
calculation of the Lorentz force, we found that this force
can be the responsible for the depletion of the low density
zones. The weak field case on the other hand, was such
that the gas pressure dominates over the magnetic field
and the plasma � � 1 and there are no low density spots
neither eddies.

We find that the accretion rate is not significantly dif-
ferent between the HD and MHD cases. Instead, the

wind velocity and orientation is more important for the
accretion rate.

In order to provide astrophysical scenarios we worked
out two scales of black hole masses, one corresponding
to a stellar black hole and a second one corresponding
to a supermassive black hole. In this way we analyzed
two scales of black hole masses, with two di↵erent mag-
netic field strengths and various orientations of the wind,
that indicate the influence of the magnetic field in pos-
sible scenarios. Among these some AGNs systems have
properties within the parameter space approached in this



Inverse Problem 4: EHT Inverse problem

Spin and orientation — M is estimated from stars around 

Is this a black hole? 

Is General Relativity ruling there?



Ray tracing process



Accretion



Accretion disks (s=0.85, orientation 45, 2)



Spherical distributions



Power spectrum, s=0.95



Final comments

In order to solve an IP, one NEEDS to solve DIRECT PROBLEMS 

Binary black holes have good data banks generated with PPN approximations 

NS-BH Need the solution of the GRMHD equations (very expensive) 

The addition of electromagnetic and neutrino radiation to GW sources  
is the multi-messenger astronomy, very expensive too… state of the art 

Wandering black holes: simulations and observations needed 

Shadows of black holes does not need that much power: observational  
technology is needed 

WHAT TO DO WITH SOME OF THIS TECHNOLOGY? 
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